The nonlinear wave equation of an elastic rod under finite deformation is solved by the extended mapping method. Abundant new exact traveling wave solutions for this equation are obtained, which contain trigonometric function solutions, solitary wave solutions, Jacobian elliptic function solutions, and Weierstrass elliptic function solutions. The method can be used in further works to establish more entirely new solutions for other kinds of nonlinear evolution equations arising in physics.
Introduction
In the recent two decades, the studies of the nonlinear wave have made brilliant achievement. Many new and interesting phenomena have been discovered in various fields, such as physics and engineering. Solid mechanics in its application has scored great success in the studies of classical linear wave. In recent years, nonlinearities of solid structures have captured the attention of many researchers. More and more technological problems involve nonlinearity [1, 2] . The nonlinear evolution equations (NLEEs) are widely used to describe complex phenomena in solid mechanics. It has aroused great interest in how the NLEEs can be qualitatively analyzed and solved.
In order to find the exact solutions, especially, traveling wave solutions of the NLEEs, various powerful methods are reported, such as inverse scattering method [3] , Hirota bilinear method [4] , the tanh method [5] , the extended tanh method [6] , sine-cosine method [7] , homogeneous balance method [8] , F-expansion method [9] , the Exp-function expansion method [10] , the mapping method [11] , and the extended mapping method [12] . Among them, the mapping method is more convenient and effective than other analytic techniques.
The pioneer work of Lou and Ni [11] introduced the mapping method for a reliable treatment of the NLEEs.
The method is further developed and improved by many researchers such as [12] and by the references therein. Bai et al. [12] have successfully applied the extended mapping method to find solitary wave solutions, trigonometric function solutions, and Jacobian elliptic function solutions of several known NLEEs like Duffing equation, KleinGordon equation, sin-Gordon equation, Landau-GinzburgHiggs equation, and 4 equation. In the present research, we are concerned with studying the nonlinear wave equation of an elastic rod under finite deformation, which was derived by Liu and Zhang [13] in 2006. They obtained solitary wave solutions for this equation by the hyperbolic secant function finite expansion method. Two kinds of nonlinear Schrödinger equations were derived from this equation by using the reductive perturbation method in [14] . Zhang and Liu [15] obtained solitary wave solutions and shock wave solutions for this equation by the Jacobi elliptic function expansion method. Finding new solution is still a worthwhile research to this equation. We use the extended mapping method to construct new solutions of the nonlinear wave equation of an elastic rod under finite deformation. We hope that this technique can be applied to find new solutions of other kinds of NLEEs. This paper is organized as follows. In Section 2, the nonlinear wave equation of an elastic rod under finite deformation is derived by means of the Hamilton principle.
The Governing Equation and the Extended Mapping Method
Consider the nonlinear wave propagation in an infinite homogenous elastic straight circular rod with radius . Use Lagrange material description and the cylindrical coordinate system as ( , , ), where is the axis of the rod, is radial, and is circumferential coordinate, respectively. To derive the governing equation, the following assumptions are introduced.
(i) Plane cross-section always remains plane in process of deformation.
(ii) The rod is subjected to axial symmetry compression, circumferential displacement = 0, and / = 0.
(iii) Due to the Poisson effect, the following relationship between the longitudinal displacement gradient / and the radial displacement is valid; = −] ( / ), where = is the longitudinal displacement.
(iv) Consider the effect of the finite deformation and the axial strain-displacement relationship is given; that is,
Because is higher order small quantity than , the transverse shear strain is obtained:
(v) The relationship of stress and strain is linear; the strain energy density is quadratic function of strain.
Based on the above assumptions and Hamilton variation principle, the nonlinear wave equation of the finite deformation elastic rod can be obtained as follows [13] [14] [15] :
If we set = / , (1) may be rewritten as
where 0 , ] 0 , , ], , and are the linear elastic longitudinal wave velocity, the shear wave velocity, the shear modulus of material, Poisson ratio, the Young's modulus and the density of the rod, respectively. Equation (2) is the double nonlinear wave equation with respect to the axial displacement gradient finite deformation elastic rod. It is shown that when the longitudinal wave propagates, the shear wave also propagates as a result of the transverse Poisson effects. We now outline the main steps of the extended mapping method. Consider a given nonlinear evolution equation:
We seek solutions of (3) by taking
where is a real constant. Under the transformation equation (4), equation (3) becomes an ordinary differential equation:
We assume that (5) has the solutions in the form
where 0 , , and ( = 1, 2, . . . , ) are constants to be determined later. The integer in (6) can be determined by balancing the highest order nonlinear term and the highest order linear term of ( ) in (5). The function ( ) is the solution of the cubic nonlinear Klein-Gordon (NKG) equation
where 0 , , and are arbitrary constants. Substituting (6) and (7) into (5) results in an algebraic system of equations in powers of which will lead to the determination of parameters 0 , , , and . Using (6) and the solutions of (7), we can obtain many explicit and exact traveling wave solutions of (3).
Appling the Extended Mapping
Method to (2) Substituting (4) into (2) yields
Integrating (8) with respect to twice and letting the integrating constant be zero, we have
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Balancing of the highest derivative with nonlinear term in (9) gives = 1. The solution of (9) can be assumed as
Substituting (7) and (11) into (9), we obtain 
Owing to being arbitrary solution of the cubic NKG equation, all the coefficients of different powers of in (12) should vanish. That means the following equations are established: These equations can easily be solved for the constants 0 , 1 , and 1 in terms of parameters 1 , 2 , 3 , 0 , , and . Solving (13) by Maple or Mathematica, we have the following.
The first set constants are
The second set constants are
The third set constants are
Hence solutions of (8) turn out to be
From the general solutions of the cubic NKG equation (7), we have four types of traveling wave solutions of (2).
Trigonometric Function Solutions
Case 1. As = 2, = 2, 0 = 1, and ( ) = tan( ),
Case 2. As = −1, = 2, 0 = 0, and ( ) = sec( ),
Case 3. As = 2, = 2, 0 = 1, and ( ) = cot( ),
Case 4. As = −1, = 2, 0 = 0, and ( ) = csc( ),
Equations (18)- (21) are trigonometric function periodic wave solutions of (2). Journal of Applied Mathematics
Solitary Wave Solutions
Case 1. We know that when = −2, = 2, and 0 = 1, the solution of (7) reads ( ) = tanh( ). Thus, from (17), the corresponding solutions of (2) read
where tanh( ) and coth( ) are hyperbolic functions.
Case 2. As = 1, = −2, 0 = 0, and ( ) = sech( ),
where sech( ) and cosh( ) are hyperbolic functions.
Case 3. As = 1, = 2, 0 = 0, and ( ) = csch( ),
where csch( ) and sinh( ) are hyperbolic functions.
Case 4. As = −2, = 2, 0 = 1, and ( ) = coth( ),
The solutions in the form tanh( ), sech( ), and csch( ) are kink solutions, soliton solutions, and diverging solutions, respectively.
Jacobian Elliptic Function Solutions
Case 1. As = −(1 + 2 ), = 2 2 , 0 = 1, and ( ) = sn( ),
where sn( ) is Jacobian elliptic function with modulus .
Case 2. As = 2 2 −1, = −2 2 , 0 = 1− 2 , and ( ) = cn( ),
cn ( ) ,
where cn( ) is Jacobian elliptic function with modulus .
Case 3. As = 2 − 2 , = −2, 0 = −1 + 2 , and ( ) = dn( ),
where dn( ) is Jacobian elliptic function with modulus .
Case 4. As = 2 − 2 , = 2(1 − 2 ), 0 = 1, and ( ) = sc( ),
where sc( ) = sn( )/cn( ) is Jacobian elliptic function with modulus .
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Case 5. As = 2 2 − 1, = 2 2 ( 2 − 1), 0 = 1, and ( ) = sd( ),
where sd( ) = sn( )/dn( ) is Jacobian elliptic function with modulus .
2 , and ( ) = cd( ),
where cd( ) = cn( )/dn( ) is Jacobian elliptic function with modulus .
Case 7. As = 2 − 2 , = 2, 0 = 1 − 2 , and ( ) = cs( ),
where cs( ) = cn( )/sn( ) is Jacobian elliptic function with modulus .
Case 8. As = 2 2 − 1, = 2, 0 = 4 − 2 , and ( ) = ds( ),
where ds( ) = dn( )/sn( ) is Jacobian elliptic function with modulus . 
where dc( ) = dn( )/cn( ) is Jacobian elliptic function with modulus .
In addition when → 1, the functions sn( ), cn( ), and dn( ) degenerate as tanh( ), sech( ), and sech( ), respectively, while when → 0, sn( ), cn( ), and dn( ) degenerate as sin( ), cos( ), and 1, respectively. We can obtain hyperbolic function solutions and trigonometric function solutions in the limit cases as → 1 and → 0.
Weierstrass Elliptic Function Solutions.
We get the following Weierstrass elliptic function solutions from (17). 
where ℘( ; 2 , 3 ) is Weierstrass elliptic function satisfying
